Willmore Submanifolds in a sphere B 

Haizhong Li 



Abstract: Let x : M — > S""*"^ be an n-dimensional submanifold in an 
(n+p)-dimensional unit sphere S'""'"^, x : M — > 5"^^ is called a Willmore 
submanifold if it is a extremal submanifold to the following Willmore 
functional: 

/ {S -nH'^)'^dv, 
Jm 

where S = J2 i^fj)'^ is the square of the length of the second funda- 

mental form, H is the mean curvature of M. In [13], author proved 
an integral inequality of Simons' type for n-dimensional compact Will- 
more hypersurfaces in 5""^^ and gave a characterization of Willmore 
tori. In this paper, we generalize this result to n-dimensional compact 
Willmore submanifolds in S^^"^ . In fact, we obtain an integral inequality 
of Simons' type for compact Willmore submanifolds in 5'""''^ and give 
a characterization of Willmore tori and Veronese surface by use of our 
integral inequality. 

2000 Mathematics Subject Classification: 53C42, 53A10. 
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1. Introduction 

Let M be an n-dimensional compact submanifold of an (n -|- j?)-dimensional unit sphere 
space S^^'P. If hfj denotes the second fundamental form of M, 5 denotes the square of 
the length of the second fundamental form, H denotes the mean curvature vector and H 
denotes the mean curvature of M, then we have 

a,i,j a k 

where {n + l<a<n + p) are orthonormal normal vector fields of M in 5"^^. 
We define the following non-negative function on M 

p^ = S-nH^, (1.1) 
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which vanishes exactly at the umbihc points of M. 

Willmore functional is the following non-negative functional (see [4], [21] or [27]) 

Jm Jm 

it was shown in [4], [21] and [27] that this functional is an invariant under Moebius (or 
conformal) transformations of S'"''"^. Wc nsc the term Willmore submanifolds to call 
its critical points, because when n = 2, the functional essentially coincides with the 
well-known Willmore functional W{x) and its critical points are the Willmore surfaces. 
Willmore conjecture says that W{x) > 47r^ holds for all immersed tori x : M — S^. 
The conjecture was approached by Willmore [30], Li-Yau [18], Montiel-Ros [20], Ros [23], 
Langer-Singer [10] and many othcrs(see [29], [31] and references there). 

In this paper, we first prove the following theorem (c.f. Guo-Li-Wang [8], Pedit- 
Willmore [21])) 

Theorem 1.1 Let M be an n- dimensional submanifold in an (n+p)- dimensional unit 
sphere S""*"^. Then M is a Willmore submanifold if and only if for n + l<a<n + p 

~p^-^[SH^ + Y. Ht^h^jKj- E /if/ffc/if^. - n//2//"] + _ i)i7"A(/)"-2) 

+2{n - 1) E(p""')ii^,? + (n - l)p"-2A^if" - E(p"-')i,j("^"'^ii - hf^) = 0, 

(1.2) 

where A(p"-2) = E(p""^)i,i; A^if" = J2 H%, and {p"-~'^)i,j is the Hessian of p"-"^ with 

i i 

respect to the induced metric dx ■ dx, and H'^j are the components of the first and 
second covariant derivative of the mean curvature vector field H ( see (2.14)-(2.17) ). 

Remark 1.1. When n = 2 and p = 1, Theorem 1.1 was well-known (see Blaschke [1], 
Thomsen [26], Bryant [2] and chapter 7 of [31]). When n = 2 and p > 1 , Theorem 1.1 
was proved by J. Weiner in [28], in this case (1.2) reduces to the following well-known 
equation of Willmore surfaces (sec [28] or [14]) 

A^il" + KjhijH^ - 2H^H'^ = 0, 3<a<2+p. (1.3) 

When n > 2 and p = 1, Theorem 1.1 was proved by the author in [13]. 

Remark 1.2. We should note that for n > 2, CP. Wang [27] got the Euler-Lagrange 
equation of Willmore functional for compact n-dimensional submanifolds without um- 
bilical points in an (n -|- p)-dimensional unit sphere 5""^^ in terms of Moebius geometry. 
We also note that a different version of Theorem 1.1 was announced in Pedit- Willmore 
[21]. From the expression of (1.2), in the cases n = 3 and n = 5 we need assume that 
M has no umbilical points to guarantee {p"'~'^)i,j is continuous on M. We will make this 
assumption in this paper. 

In order to state our main result, we first give the following two important examples 

Example 1 (see [13] or [8]). The tori 

Wm,n-m = f/^^] X 5""™ , 1 < m < n - 1 (1.4) 
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are Willmore hypersurfaces in 5*"+^. We call Wm,n-m, 1 < m < n — 1, Willmore tori. In 
fact, the principal curvatures fei, • • • , /c„ of Wm n-m are 



ki — ■ ■ ■ — kjn — \l , km+i — ' ' ' — kji — —\ • (1-5) 



n — m \ m 



We have from (1.5) 



H = —im*[—^— — in — m)\j 
n \ n — m V 



), S= +^ ^ 



m n — m m 



hijhjkhki= yki =m{ )2-(n-m)( )2 

... ^ n — m m 

i,j,k I 



where hij = h^j~^ ■ Thus we easily check that (1.2) holds, i.e., Wm,n-m arc Willmore 
hypersurfaces. In particular, we note that of Wjn,n-m for all 1 < m < n — 1 satisfy 

= n. (1.6) 
We recall that well-known Clifford minimal tori are 



Cm,n-m = (^^^ j X S" [j'^^j > 1 < m < n - 1, (1.7) 

It is remarkable that a Willmore torus coincides with a Clifford minimal torus if and only 
if n = 2m for some m. 

Remark 1.3. When n = 2, we can see from (1.3) that all minimal surfaces are Willmore 
surfaces. In [22], Pinkall constructed many compact non- minimal fiat Willmore surfaces 
in S*^. In [3], Castro-Urbano constructed many compact non- minimal Willmore surfaces 
in i?^. Ejiri [7] and Li-Vrancken [17] constructed many non-minimal flat tori in and S'^ . 
Bryant [2] classified the Willmore spheres in and Montiel [19] classified the Willmore 
spheres in S^. When n > 3, minimal submanifolds are not Willmore submanifolds in 
general, for example, Clifford minimal tori Cm,n-m = S"^ (\/^ ^ S*""™ {\[^^) are not 
Willmore submanifolds when n ^ 2m. In [8], the authors proved that all n-dimensional 
minimal Einstein submanifolds in a sphere are Willmore submanifolds (we note that this 
result was stated in [21] by Pcdit and Willmore). 

Example 2 (see [6] or [11]). Veronese surface. Let {x,y,z) be the natural coordinate 
system in and u = («i, «2, ws, ti4, us) the natural coordinate system in R^. We consider 
the mapping defined by 

1 1 1 

1/2 2\ 1 / 2 , 2 o 2\ 

"^^273 ~^ «5 = g(a; +y -22;), 

where -\- ip' -\- = 3. This defines an isometric immersion of S'^(\/3) into S'^(l). 
Two points (x, y, z) and (— x, — y, —z) of S'^(\/3) are mapped into the same point of S^. 
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This real projective plane imbedded in is called the Veronese surface. We know that 
Veronese surface is a minimal surface in 5^ (sec [6] or [11]), thus it is a Willmore surface. 
We also note that of the Veronese surface satisfies 

/ = (1.8) 

In the theory of minimal submanifolds in S'^'^^, the following J. Simons' integral 
inequality is well-known 

Theorem 1.2 (Simons [25], Lawson [11], Chern-Do Carmo-Kobayashi [6]) Let M 
be an n-dimensional (n > 2) compact minimal submanifold in (n + p)- dimensional unit 
sphere S'"+^'. Then we have 



Jm 



, s( ^ " , -s]dv<0. (1.9) 

In particular, if 

Tl 

0<S<^. (1.10) 

then either S = Q and M is totally geodesic, or S = 2~i/p ■ ^'^ latter case, either 
p = 1 and M is a Clifford torus Cm,n-m, or n = 2, p = 2 and M is the Veronese surface. 

In this paper we prove the following integral inequality of Simons' type for compact 
Willmore submanifolds in S^'^^. 

Theorem 1.3 Let M he an n-dimensional (n>2) compact Willmore submanifold in 
{n + p)- dimensional unit sphere S'^'^p. Then we have 



/ 



In particular, if 



0<p^<^^, (1.12) 
- - 2- 1/p' ^ ' 

then either = and AI is totally umbilic, or p^ = 2-\l'p • latter case, either 

p = 1 and M is a Willmore torus Wm,n-m defined by (1.4); or n = 2, p = 2 and M is 
the Veronese surface. 

Remark 1.4- In case p = 1, Theorem 1.3 was proved by the author in [13]. We also 
classified all isoparametric Willmore hypersurfaces in 5"+^ in [13]. 



2. Preliminaries 

Let X : M — >■ 5""^^ be an n-dimensional submanifold in an (n -|- p)-dimensional unit 
sphere 5'"+*'. Let {ei, • • • ,e„} be a local orthonormal basis of M with respect to the 
induced metric, {^i, • • • , 6n} are their dual form. Let eji-\-i, ■ ■ ■ , Cn+p 

be the local unit 

orthonormal normal vector field. In this paper we make the following convention on the 
range of indices: 
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^ i,j,k < n; n + l<a,P,j<n + p. 
Then we have the structure equations 

dx = Y^eiei, (2.1) 

i 

dei = ^ij^j + E ^S^i^" - ^i^' (2-2) 

j oi,j 

dea = -Y^ hfjOjCi + 9apep. (2.3) 

The Gauss equations are 

Rijki = {5,k5ji - 5u5jk) + Y.^Kkh'^i - Kih%), (2-4) 

a 

Rik = {n-l)Sik + nJ2 H'^Kk - E htjh%, (2.5) 

n{n-l)R = n{n-l) +n'^H^ - S, (2.6) 

where R is the normahzed scalar curvature of M and S = J2ai ji^fj)'^ norm 

square of the second fundamental form, H = J2a ^"^a = J^ai^k ^kk)^<^ mean 
curvarture vector and H = |H| is the mean curvature of M. 
The Codazzi equations are 

Kjk = Kkj^ (2-7) 

where the covariant derivative of hfj is defined by 

Y KjkQk = dh", + E ^^A^ + E KkOko + E h^M- (2-8) 

k k k j3 

The second covariant derivative of hfj is defined by 

Y Kjkfil = dht^j, + Y KjkOu + E ^UkOlj + E ^riAk + E (2-9) 
I I I I p 

By exterior differentiation of (2.8), we have the following Ricci identities 

Kjkl - hfjlk = E ^mj^mikl + E KmRmjkl + E ^ij^f^akl- (2-10) 
m m 13 



The Ricci equations are 



RaPii=Y.i^khi^-hih%). (2.11) 



We define the following non-negative function on M 

= S- nH^, (2.12) 
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which vanishes exactly at the umbihcal points of M. 

Willmore functional is the following functional (see [4], [21] and [27]) 

W{x):= ( p^dv= j {S-nH^)^dv. (2.13) 
Jm Jm 

By Gauss equation (2.6), (2.13) is equivalent to 

W{x) = [n{n-l)]^ [ {H^ - R + l)^dv. (2.13)' 
Jm 

It was shown in [4], [21] and [27] that this functional is an invariant under Moebius (or 
conformal) transformations of 5*""*"^. We use the term Willmore submanifolds to call its 
critical points. When n = 2, the functional essentially coincides with the well-known 
Willmore functional and its critical points are Willmore surfaces. 

We define the first, second covariant derivatives and Laplacian of the mean curvature 
vector field H = X] H'^Ca in the normal bundle N{M) as follows 

a 

^ H^i9i = dH^ + Y, H^Opa, (2.14) 
i (3 

^ H%ej = dH^, + ^ H^^e,, + ^ H%^, (2.15) 
j j P 

A^H- = J2h%^ H'' = l-Y.hkk- (2.16) 

ft , 

I k 

Let / be a smooth function on M, we define the first, second covariant derivatives fi, 
fij and Laplacian of / as follows 

df = Y,m, ^fi,jej = dfi + Y,fAi, Af = Y,fi,i- (2.17) 

i j j i 

3. Proof of Theorem 1.1 



Let X : M ^ gn+p -^^ ^ compact submanifold in a unit sphere S"''^^. From Wang 
[27], we have the following relations of the connections of the Mobeius metric p^dx ■ dx 
and induced metric dx ■ dx 



uJij = 0ij + (lnp)j% - (lnp)j6'i, u}af3 = Oap, P = y ^^^ITY^' ^^'^^ 

where p is defined by (1.1). 

We get by use of (3.15) of [27] and (3.1) 

j 3 

= dC^ + Y.CfUji + Y.C^^pa 

3 a 

= dCf + Y. CfOji + E ci'efsa + E[(inp)fc^i - {^^pW ■ c^, 

3 13 k 
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thus 

~pCf^^ = 2~p~^~p,[H-[ + E(/iffc - H»5,u)i}np)u] - p-^[H'-^ + Uhf,^ - H-6ik){lnp)k] 
-P-' E(^"fe - H-S,k)ilnp)kj + E C^{^^p)kSij - W)^C,^ 

k k 

(3.2) 

where {(Inp)fcj} is the Hessian- Matrix of Inp with respect to the induced metric dx ■ dx 
and is defined by (2.14). 

Letting i = j, making summation over i in (3.2) and using (3.15) of [27], we have 

EC-, = -p-^A^m - p-^Uhf,- H-5,k)(lnp)k,^ 

-2(n - 2)p-3 E H^iilnp)^ - {n - 3)p-^ E(lnp)i(lnp),(/ig - H^d^,), 

(3.3) 

where A-^H°' is defined by (2.16). 

On the other hand, we have from (3.10) and (3.14) of [27] 

= -P'^ E(M ■ -(V,- - H'^^ij) + E(lnp)^(lnp),•(/ig. - H-5ij) (3.4) 
+p-''[ E hihl^hf^- E H%hf^-SH- + nH''H% 

Putting (3.3) and (3.4) into the following Willmore condition (see (2.34) and (4.27) 

of [27]) 

- (n - 1) E + E ^^i^S + E = 0' (3-5) 

i i,j P,i,j,k 

we get 



^{-^[5/7"+ E.^^^^V E hf^hihi^-nH^H-] 

+p^-^A^H- + E(lnp)ij(KS- - //"(5i,) + 2(n - 2)p"-2 E(Mii^,'? 

+^p"-'E(M^(lnp) -(/.g. - H-5,j)} = 0. 

(3.5)' 



We can check the following identity by a direct computation 

-Tirr E(p""')ij(^^°'^u - hfj) + p"-2A^iJ° + 2E(p"-')i^^,? + i?"A(p"-2) 

= ^P"-' E(M.(lnp),(/if, - i?"5,,) + ^ E p"-2(M,,,(/if, - H'-dij) 
i,j i,j 

+2(n - 2)p"-2 E(lnp)i/f_1 + p'^'^A^H'^. 

(3.6) 

Thus (3.5)' is equivalent to (1.2) by use of (3.6). We complete the proof of Theorem 1.1. 
Remark 3.1 Fix index a with n+l<a<n + p, define : M ^ i? by 
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where / is any smooth function on M and fij is defined by (2.17). We know that is 
a self-adjoint operator (cf. Cheng- Yau [5], Li [15,16]). It is remarkable that this operator 
naturally appears in Willmore equation (1.2). In fact, by use of this sclf-adjoint operator, 
Willmore equation (1.2) can be written as the following equivalent form 

I3,i,j f3,i,j,k 

+2{n - 1) Efp""^)*^,? + (n - l)ii'°A(p"-2) - □°(p'^-2) = 0, n + l<a<n + p. 

(1.2)' 



(4.1) 



(4.2) 



4. The Lemmas 

Wc first prove the following Lemma (cf. Simons [25], Chern-Do Carmo-Kobayashi [6] or 
Schoen-Sinion- Yau [24] ) 

Lemma 4.1 Let M be an n- dimensional (n > 2) submanifold in S*"^^. Then we have 

a,i,j,k a,l3,i,j,m 

+np-'- E K^h^^h^^hi^^- E {Rpajk?-\HnH% 

a,l3,i,j,k,m a,l3,j,k 

where jV/ij^ = E {hfj^f and jV^Hj^ = E(^,?)^ is defined by (2.14). 

a,i,j,k a,i 

Proof. By the definition of A and p^, we have by use of (2.7) and (2.10) 
iAp2 = iA( E.(^^)') - ^A(nij2) 

= E, T4fc)' + Jf. ^ hfjKijk - ^A(nif2) 

a,i,j,k a,i,j,k,m 
+ E h^h-^Rmj+ E /if/ffei2/3a,ik-^A(nij2). 

a,i,j,m a,P,i,j,k 

By use of (2.4) and (2.5), we have 

E ^ij^mk^rnijk + E ^ij^im^rnj + E ^ji^^k^P<^ik 
a,i,j,k,m a,i,j,'m a,fS,i,j,k 

= nS-n^H^- E h-jh^jh^,hi, + n E H^hi^hf^h^^ 

a,l3,i,j,k,m a,l3,i,j,m 

~[ E ^fjKm^ml^lj ~ E hfj^km^jmKk ~ E h'j^h^j^Rpajk]- 

a,(3,i,j,m,l a,f3,i,j,k,m a,l3,i,j,k 

(4.3) 

On the other hand, we have by (2.11) 

E {Rpajk? = E {h%h%-h-,hi)Rp^^k 

a,(3,j,k oi,f3,t,j,k 

= E h^^hUh^^hl - h^,ih-) - E h^^hiRp^j, 

a,f3,i,j,k,l a,/3,i,j,k 

ua ua v,a ua uP ua jy 

— 'Hj'Hm'^ml'Hj ^ '''ij"'km'''jm"'ik ^ "'ji'*ifc-n'/3aifc- 

a,/3,i,j,m,l a,l3,i,j,k,m a,P,i,j,k 

(4.4) 
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Putting (4.3) into (4.2), we obtain (4.1) by use of (4.4). 

Lemma 4.2 Let M be an n-dimensional (n >2) submanifold in S^^^, then we have 

|V/i|2 > i!!l|v^H|2, (4.5) 
where |V/tp = E iKjkf' IV^Hp = E(^^,^)^ H^i is defined by (2.14). 

a,i,j,k a,i 

Proof. We construct the following symmetric trace-free tensor (c.f. [9] or [13]) 

71 

^tjk = Kjk - + HfSiu + H^S,j). (4.6) 

Then we can easily compute that 

... /i -p z 

a,i,j,k 



Then we have 



' ' - n + 2' ' ' 



which proves the Lemma 4.2. 
Define tensors 

h'^ = h^-H-6^„ (4.7) 

a^^ = Y,h0j, a„^ = E^fi4- (4-8) 

Then the (p x p)-matrix {(Ja/s) is symmetric and can be assumed to be diagonized for 
a suitable choice of e„+i, • • • , en+p- We set 

^al3 = ^aSaP- (4-9) 

We have by a direct calculation 

J2hkk = 0, aap = aap-nH"H(', = J2^a = S - nH\ (4.10) 



E hijh^hZr,= E hiMhZn + ^T.H''h^4 + H''p' + nH'Hf'. (4.12) 

a,i,j,m a,i,j,m a,i,j 

Prom (4.7), (4.10), (4.11) and Theorem 1.1, we have 

Lemma 4.3. Let M be an n-dimensional submanifold in an (n+p)- dimensional unit 
sphere 5'"+*'. Then M is a Willmore submanifold if and only if for n-\-l<a<n-\-p 
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-2(n - 1) T.{P'''\H1 - (n - l)//"A(p"-2) 



/3 «J 



(4.13) 



where {p^~^)i,j, A(p'^-^) anti A^i7° are de/inerf 6y (2.17) and (2.16). 

In general, for a matrix A = (aij) we denote by N{A) the square of the norm of A, 

i.e., 

N{A) = trace(yl • A^) = ^.M^- 

Clearly, N{A) = N{T^AT) for any orthogonal matrix T. 

We need the following lemma (see Chern-Do Carmo-Kobayashi [6]) 
Lemma 4.4. Let A and B he symmetric {n x n) -matrices. Then 

N{AB - BA) < 2N{A) ■ N{B), 

and the equality holds for nonzero matrices A and B if and only if A and B can be trans- 
formed simultaneously by an orthogonal matrix into multiples of A and B respectively, 
where 





( ° ^ 


• 


■■ 0\ 




/I ••• 


\ 




1 


• 


•• 




-1 ••• 





A = 





• 


•• 


B = 


••• 







^ 


• 


• • oj 




^ ••• 




ifAi,A2 


and ^3 


are 


{n X n) -symmetric 


matrices and if 





NiA^Ap - AfsA^) = 2NiA^) ■ iV(A^), 1 < a, /? < 3, 

then at least one of the matrices A^ must be zero. 

Lemma 4.5. Let x : M — > be an n-dimensional submanifold in S^~^p. Then 



a,g,t,j,m 



a,i,j,k 



+np^ + nH'^p^ - (2 - i)p^ - ^A(ni/2). 



(4.14) 



Proof. By use of (4.10) and (4.12), (4.1) becomes 
iAp2 = |V/ip-n2|V^H|2+ E {K^K^,)^ + n E H^hi.hfhZr, 

a,i,j,k a,f3,i,j,m 
oi,l3 a,l3,j,k 



(4.15) 
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By (2.11), we have 



a,f3,j,k a,f3,j,k I I 

= E iEh'^ihfk-Ehfhi)' (4.16) 

a,f3,j,k I ■' I ^ ' 

where 

A^:={h^) = {h^-H^dij). (4.17) 
By use of Lemma 4.4, (4.9), (4.10) and (4.16), we get 

-E^lp- E (Rpajk? = ~E<^l-ENiA^Ap-Af,Aa) 

a,p a,l3,j,k a a,l3 

> -E'^a-2 E ^a^f3 

> V+^(E^c.)^ 

^ a 

Putting (4.18) into (4.15), we get (4.14). 

Lemma 4.6. Let M be an n- dimensional submanifold in an (n+p)- dimensional unit 
sphere S'""'"^, then we have 



(4.18) 



iA(p") > in{-n(n-l)p"-2|V^H|2 + p"-2 ^ {h^h'^,,)j + p^[n + nH^ 

a,i,j,k 

Proof. First it is easy to check the following calculation 
> fp"-2A(p2). 

Noting 



(4.19) 



(4.20) 



|V/ip-n2|V^H|2 = (|V/i|2-|ni|v^H|2) + (|ni-n)|V^H|2-n(n-l)|V^H|2 

3ni| 
n+2\ 



> (W-|52lV^Hp)-n(n-l)|V^Hp, 



(4.21) 

we get from (4.5), (4.14) and (4.21) 

iAp2 > -n(n -1)|V^H|2+ ^ (/^g^^itJi+n E H^hijhfh?^ 

a,i,j,k a,/3,i,j,m ^2'] 

+V + rii?V - (2 - -)p' - jA(nij2). 

p I 
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We obtain (4.19) by putting (4.22) into (4.20). 

Lemma 4.7. Let x : M — > 5'""'"^ be an n-dimensional compact submanifold in S^-^p . 
Let f and g be two any smooth functions on M . Then we have 

/ gAfdv = -[ {Y.fi9i)dv=l fAgdv. (4.23) 
Jm Jm ^ JM 

Proof. Integrating the following identities over M 

i i i 

f^9 = fYl 9i,i = Y1^9if)i - Yl fi9i, 
i i i 

we get (4.23). 

Lemma 4.8. Let M be an n-dimensional compact Willmore submanifold in an {n+p)- 
dimensional unit sphere S'^'^p, then we have 

a,f3,i,j,m 

= -\n{n + 1) !m Up'^-'UH^dv -nf^ p^-^ E H^H^do^pdv (4.24) 

Proof. We have the following calculation by use of Stokes formula and Lemma 4.7 
-n(n-l)/^p"-2|V^Hpd^ + n/^p-2( E H^hirhfh'^)dv 

a,l3,i,j,m 

= \n[n - 1) /M(E(p"-').(^').)d,^ + n{n - 1) p"-^ E H^A'-H'-dv (4.25) 

Putting (4.13) into (4.25), using Stokes formula and Lemma 4.7, we get (4.24). 

Lemma 4.9. Let M be an n-dimensional compact submanifold in an {n + p)- 
dimensional unit sphere S'""^^, then we have 

I P''-^Y.nKH)3dv = nf {J2H-h-i{p-%j)dv+'^ f J2{p--'UH%dv. 

(4.26) 

Proof. We have the following calculation by use of Stokes formula and Lemma 4.7 

= -Sm^'y: {{P^''')3h%Kk)idv + !M E {p^-''\^%ht^dv 

a,i,j,k a,i,j,k 

+n''J^Y:H-{p''-%H-jdv 
= nJ^E H^IM'-X^dv + E(p"-')^(^')^^^^• 

a,i,j I 
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By use of Stokes formula and Lemma 4.7, wc also have 

Lemma 4.10. Let M be an n-dimensional compact suhmanifold in an (n + p)- 
dimensional unit sphere S'^^^ , then we have 

-\ f p--'A{nH')dv = ^ / Y^iP'^'^UH^Uv. (4.27) 

5. The Proof of Theorem 1.3 

Now we begin to prove the Theorem 1.3. Integrating (4.19) over M and using Stokes 
formula, we have 

> f{-n(n-l)/ji,p"-2|V^H|2d^; + n/ji,p"-2 E H^hijhfhZ^dv 

a,l3,i,j,m 

+ Im P"-' {KjKkdjdv - ^ /m P^-^HnH^)dv (5.1) 
+ !MP''{riTnH''-{2-l)p'')dv}. 

Putting (4.24), (4.26) and (4.27) into (5.1), we get 



> -{-n ( p^'-^y H'^H(^aa0dv+ I p'^in + nH^ - (2 - -)p'^)dv} 
2 Jm Jm p 

= p''-\H^p'-Y.H-H^a^p)dv+ j p- {n - {2 - -) p')dv] (5.2) 

2 Jm ^ Jm p 

> 5 / p-{n-{2--)p'')dv, 
2 Jm p 



where we used 

Y.H-H^a^p = Y.iH'-f^a < Y.iH-f • = H'P"- (5-3) 

Thus we reach the following integral inequality of Simons' type 

/9"(n - (2 - -)p^)dv < 0. (5.4) 

M P 

Therefore we have proved the integral inequality (1.11) in Theorem 1.3. 
If (1.12) holds, then we conclude from (5.4) that either p"^ = 0, or = n/(2 — i). In 
the first case, we know that S = nH^, i.e. M is totally umbilic; in the latter case, i.e., 

p' = Y.Ch?j?^n/{2-h, (5.5) 
we have from (4.21) (in this case, (4.21) becomes an equality) 

(;^-n)|V-Hl-0, 
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we have V H = 0, thus we have from (4.5) (in this case (4.5) becomes an equality) 

Vh = 0, i.e., h^^ = 0. (5.6) 

It follows that all inequalities in (4.18), (4.19), (4.21), (4.22), (5.1) and (5.2) are actually 
equalities. In deriving (4.19) from (4.18), we made use of inequalities N^AaAp—ApAa) < 
2N{Aa) • N{Ap). Hence 

N{Ac,Afs-Af)Ac,) = 2N{A^)-N{Ap), a + ^. (5.7) 
Prom (4.18) we obtain 

CTi = = ■ • • = CTp, (5.8) 

where da is defined by (4.9). 

Prom (5.7) and Lemma 4.4, we conclude that at most two of the matrices A^ = (hfj) = 
{hfj — H°'dij) are nonzero, in which case they can be assumed to be scalar multiples of 
A and B in Lemma 4.4. We now consider the case p = 1 and p>2 separately. 

Case p = 1. From (5.6), we know that M is an isoparametric hypersurfacc. In this 
case Theorem 1.3 already has been proved by the author in [13] (see Theorem 3 of [13]). 
We conclude that M is one of Willmore tori, that is, M = Wm,n-m for some m with 
1 < m < n — 1. 

Case p>2. In this case, we know that at most two of Aa = (hfj), a = n+l, • • • , n+p, 
are different from zero. If all of Aq, = (hfj) are zero, which is contradiction with (5.5). 
Assume that only one of them, say Aa, is different zero, which is contradiction with (5.8). 
Therefore we may assume that 

An+i = XA, An+2 = fJ-B, X,fJ,j^O, 

Aa = 0, a > n + 3, 

where A and B are defined in Lemma 4.4. 

In this case, the inequality (5.3) is actually equality, that is, 

^iJ-iJ^a„;3 = i?V- (5.9) 

In fact, (5.9) is 

2^2^^n+l)2 ^ 2/x2(i/"+2)2 = [(^H^'+^f + {H^'^^f + ■■■ + {H''+Pf][2\^ + 2ii\ 
In view of A, /x 7^ 0, we follow 

ii-° = 0, n + l<a<n + p, 
that is, H = 0, i.e., M is a minimal submanfold in S"*"*"^, (5.5) becomes 

a,i,j ' 

Prom Main Theorem of Chern-Do Carmo-Kobayashi [6], we conclude that n = 2,p = 2 
and M is a Veronese surface defined by example 2. We complete the proof of Theorem 
1.3. 
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6. Some Related Results 



For p > 2, we can improve Theorem 1.3 as follows 

Theorem 6.1 Let M be an n-dimensional (n>2) compact Willmore submanifold in 
(ra + p)- dimensional unit sphere S"'~^p. Then we have 



M 



p"" i-n- p^]dv < 0. (6.1) 



In particular, if 



< p2 < (6.2) 

then either p^ = and M is totally umbilic, or p^ = |ra. In the latter case, n = 2, p = 2 
and M is the Veronese surface. 

Remark 6.1 When n = 2, Theorem 6.1 was proved by author in [14] (see Theorem 
3 of [14]). When p > 2, the pinching constant 2n/3 in Theorem 6.1 is better than the 
pinching constant n/{2 — 1/p) in Theorem 1.3. 

We need the following lemma to prove our Theorem 6.1 

Lemma 6.1 (see Theorem 1 of [12]). Let An+i, ■ ■ ■ , An+p be symmetric (n x n)- 
matrices, which are defined by (4.17). Set = tii^A^^Ap), Ua = ^aa — 
\,x{A\^Aa), p^ = Yl,^oc (see (4.8)-(4.10)), we have 

a 

Y: N{A^Af, - ApA^) + Y.~alp< (6.3) 

Moreover, the equality holds if and only if at most two matrices A^ and Ap are not zero 
and these two matrices can be transformed simultaneously by an orthogonal matrix into 
scalar multiples of A, B, respectively, where A and B are defined in Lemma 4-4- 

Proof of Theorem 6.1 In the proof of Lemma 4.5, using Lemma 6.1 instead of 
Lemma 4.4, we can get 



iAp2 > |V/i|2-n2|V^H|2+ E {h'^h'^,,)j + n E H^hififh?^ 

a,i,j,k a,P,i,j,m 

+np^ + nH^p^ - - ^A{nH^). 

Repeating process of the proof of Lemma 4.6, we have 

iA(p") > in{-n(n-l)p"-2|V^H|2 + p-2 E (/ig./j°J,.+p-[n + ni72 

a,i,j,k 

_3^2]+„^n-2 ^ HPhirh'-.hZ^-lpn-2A{nH^)}. 
a,j3,i,j,m 



(6.4)) 



(6.5) 



Integrating (6.5) over M, using Stokes formula, (4.24), (4.26) and (4.27) we can get 
(6.1) by the similar argument as the proof of Theorem 1.3. 
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If (6.2) holds, then we conclude from (6.1) that either = and M is totally umbilic, 
)^ = |n. In the latter case, i.e., 

2 

p2 = -n, (6.6) 



using the similar argument as the proof of theorem 1.3, we can conclude that V^H = 0, 
hfji^ = and H = 0, i.e., M is a minimal submanifold with (6.6). From Theorem 3 of 
[12], we know that n = 2, p = 2 and M is the Veronese surface. We complete the proof 
of Theorem 6.1. 

We now mention the following example 

Example 6.1 ([8]). Mjni^...^jnp+i '■= S'^^{ai) x • • • x S"^p+^{ap+i) is an n-dimensional 
Willmore submanifold in S""*"^, where n = mi + • • • + m^+i and Oj are defined by 



In — mi 



np 



From Proposition 4.1 of [8], we can check that the function of Mmi,-,mp+i satisfies 
p^ = np and Mjni,-,mp+i is a minimal submanifold if and only if 



1 . , 

mi = m2 = • • • = mp+i = — — , = W — — , i = l,--- ,p+l. 

p+l \ p+l 

Motivated by Chern's conjecture about minimal submanifolds in S^~^^ (see [6]) and 
Theorem 1.3, we propose the following problem: 

Problem. Let x : M ^ gn+p n-dimensional compact Willmore submanifold 

in an (n + p)-dimensional unit sphere S"^^^ with p^ := S — nH^ = constant. Is the set of 
values of discrete? 
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